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RAMANUJAN’S MASTER THEOREM FOR RADIAL SECTIONS OF LINE
BUNDLE OVER NONCOMPACT SYMMETRIC SPACES
SANJOY PUSTI AND SWAGATO K RAY
Abstract. We prove analogues of Ramanujan’s Master theorem for the radial sections of the line
bundles over the Poincare´ upper half plane SL(2,R)/SO(2) and over the complex hyperbolic spaces
SU(1, n)/S(U(1)× U(n)).
1. Introduction
Ramanujan’s Master theorem ([4]) states that if a function f can be expanded around zero in a
power series of the form
f(x) =
∞∑
k=0
(−1)ka(k)xk,
then
(1.1)
∫ ∞
0
f(x)x−λ−1 dx = − pi
sinpiλ
a(λ), for λ ∈ C.
One needs some assumptions on the function a, as the theorem is not true for a(λ) = sinpiλ.
Hardy provides a rigorous statement of the theorem above as: Let A, p, δ be real constants such
that A < pi and 0 < δ ≤ 1. Let H(δ) = {λ ∈ C | ℜλ > −δ}. Let H(A, p, δ) be the collection of all
holomorphic functions a : H(δ)→ C such that
|a(λ)| ≤ Ce−p(ℜλ)+A|ℑλ| for all λ ∈ H(δ),
where ℜλ,ℑλ respectively denote the real and imaginary parts of λ.
Theorem 1.1 (Ramanujan’s Master theorem, Hardy [4]). Suppose a ∈ H(A, p, δ). Then
(1) The power series
f(x) =
∞∑
k=0
(−1)ka(k)xk,
converges for 0 < x < ep and defines a real analytic function on that domain.
(2) Let 0 < η < δ. For 0 < x < ep we have
f(x) =
1
2pii
∫ −η+i∞
−η−i∞
−pi
sinpiλ
a(λ)xλ dλ.
The integral on the right side of the equation above converges uniformly on compact subsets
of [0,∞) and is independent of η.
(3) Also ∫ ∞
0
f(x)x−λ−1 dx = − pi
sinpiλ
a(λ),
holds for the extension of f to [0,∞) and for all λ ∈ C with 0 < ℜλ < δ.
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This theorem can be thought of as an interpolation theorem, which reconstructs the values of
a(λ) from its given values at a(k), k ∈ N∪ {0}. In particular if a(k) = 0 for all k ∈ N∪ {0}, then a
is identically 0.
Bertram (in [2]) provides a group theoretic interpretation of the theorem in the following way:
Consider xλ, λ ∈ C and xk, k ∈ Z as the spherical functions on XG = R+ and XU = U(1)
respectively. Both XG and XU can be realized as the real forms of their complexification XC = C
∗.
Let f˜ and f̂ denote the spherical transformation of f on XG and on XU respectively. Then it
follows from equation (1.1) that
f˜(λ) = − pi
sinpiλ
a(λ), f̂(k) = (−1)ka(k).
Using the duality between XU = U/K and XG = G/K inside their complexification XC = GC/KC,
Bertram proved an analogue of Ramanujan’s Master theorem for Riemannian symmetric spaces of
noncompact type with rank one. This theorem was further extended by O´lafsson and Pasquale (see
[9]) to higher rank case. Also it was further extended for the hypergeometric Fourier transform
associated to root systems by O´lafsson and Pasquale (see [10]).
In this paper we prove analogue of Ramanujan’s Master theorem for the radial sections of line
bundles over the Poincare´ upper half plane and over complex hyperbolic spaces. More precisely, in
the first part of the paper, we work with the group G = SL(2,R) but instead of the K-biinvariant
functions with K = SO(2) we consider functions with the property
f(kθgkα) = e
in(θ+α)f(g),
where n ∈ Z is fixed and kθ, kα ∈ K. However, this case offers a fresh challenge, in the sense that
one needs to take the discrete series into the consideration for n positive.
In the second part of this paper, we consider G = SU(1, n),K = S(U(1)×U(n)) and consider one
dimensional representations of S(U(1) × U(n)). The one dimensional representations of S(U(1) ×
U(n)) are given by χl for l ∈ Z (see section 3 for precise definition). This is the only case among the
class of real rank one semisimple Lie groups for which nontrivial one dimensional representations
of K exists. We prove analogue of Theorem 1.1 for all χl-radial functions with the restriction that
|l| < n (see Definition 3.1 for the defintion of χl-radial functions). The reason for working under
the above restriction on l is the fact that the mathematical machinery related to Ramanujan’s
master theorem is available only for l ∈ Z with |l| < n (see [5], [6]). We observe that discrete series
representations do not arise in the spherical inversion formula for χl-radial functions with |l| < n
(see (3.6)). We also observe that these two cases (that is, the case of line bundles over the Poincare´
upper half plane and over complex hyperbolic spaces) are mutually disjoint.
In section 2 we prove analogue of Ramanujan’s master theorem for the radial sections of line
bundles over Poincare´ upper half plane and in section 3 we prove the theorem for the radial sections
of line bundles over complex hyperbolic spaces.
2. Ramujan’s Master theorem for Poincare´ upper half plane
Let G = SL(2,R). Let
kθ =
(
cos θ sin θ
− sin θ cos θ
)
, at =
(
et 0
0 e−t
)
and nξ =
(
1 ξ
0 1
)
.
Then K = {kθ | θ ∈ [0, 2pi)}, A = {at | t ∈ R}, N = {nξ | ξ ∈ R} are subgroups of G, in which
K = SO(2) is a maximal compact subgroup of G. Let G = KAN be an Iwasawa decomposition of
G and for x ∈ G, let x = kθatnξ be the corresponding decomposition. Then we write K(x) := kθ,
H(x) = t, a(x) = at and n(x) = nξ. In fact if x =
(
a b
c d
)
∈ SL(2,R), then θ, t and ξ are given
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by
(2.1) e2t = a2 + c2, eiθ =
a− ic√
a2 + c2
and ξ =
ab+ cd√
a2 + c2
.
The Haar measure dx of G splits according to this decomposition as
dx = e2tdkθ dt dξ,
where dkθ = (2pi)
−1dθ is the normalised Haar measure of K and dξ, dt are Lebesgue measures on
R. The Cartan decompositon of G is given by G = KA+K where A+ = {at | t > 0} and x ∈ G
can be written by x = kθatkφ with t ≥ 0. Also the Haar measure dx of G corresponding to that
decomposition is given by
dx = sinh 2t dkθ dt dkφ.
Let σ(x) = σ(kθatkφ) := |t|. In fact σ(x) = d(xK, eK) where d is the distance function on G/K.
Let K̂ = {en | n ∈ Z} be the set of irreducible unitary representations of K, where en(kθ) = einθ.
Definition 2.1. A function f on G is said to be of type (n, n) if
(2.2) f(kθxkφ) = en(kθ)f(x)en(kφ), kθ, kφ ∈ K, x ∈ G.
LetM = {±I} where I is the 2×2 identity matrix. The unitary dual ofM is M̂ = {σ+, σ−} where
σ+ is the trivial representation and σ− is the only nontrivial unitary irreducible representation of
M . Let Zσ
+
(respectively Zσ
−
) be the set of even (respectively odd) integers.
For σ ∈ M̂ and λ ∈ C, let (piσ,λ,Hσ) be the principal series representation of G, where Hσ is the
subspace of L2(K) generated by the orthonormal set {en | n ∈ Zσ} is given by
(piσ,λ(x)en) (kθ) = e
−(λ+1)H(x−1k−1
θ
)en
(
K(x−1k−1θ )
−1
)
.
This representation is unitary if and only if λ ∈ iR. For every k ∈ Z∗, the set of nonzero integers,
there is a discrete series representation pik, which occur as a subrepresentation of piσ,|k|, k ∈ Z \Zσ.
For n ∈ Zσ and k ∈ Z \ Zσ, let
Φn,nσ,λ(x) = 〈piσ,λ(x)en, en〉,
and
Ψn,nk (x) = 〈pik(x)ekn, ekn〉k,
be the matrix coefficients of the Principal series and the discrete series representations respectively,
where ekn are the renormalised basis and 〈 , 〉k is the renormalised inner product for pik. Therefore
the integral representation of Φn,nσ,λ is given by
Φn,nσ,λ(x) =
∫
K
e−(λ+1)H(x
−1k−1
θ
)en
(
K(x−1k−1θ )
−1
)
e−n(kθ) dkθ ,
=
∫
K
e−(λ+1)H(x
−1kθ)en
(
K(x−1kθ)
−1kθ
)
dkθ.
This follows that Φn,nσ,λ is a (n, n) type function. We observe that Φ
0,0
σ+,λ
is the elementary spherical
function, denoted by φλ. Also,
|Φn,nσ,λ(x)| ≤
∫
K
e−(ℜλ+1)H(xkθ) dkθ = φℜλ(x).
It is well known that for λ ∈ C,
|φλ(x)| ≤ C(1 + σ(x))e(|ℜλ|−1)σ(x) .
Therefore for all λ ∈ C we have
(2.3) |Φn,nσ,λ (x)| ≤ C(1 + σ(x))e(|ℜλ|−1)σ(x).
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For σ ∈ M̂ , let
−σ =
{
σ− if σ = σ+,
σ+ if σ = σ−.
For k ∈ Z∗, let σ ∈ M̂ be determined by k ∈ Z−σ defined by
Z(k) =
 {n ∈ Z
σ | n ≥ k + 1} if k ≥ 1,
{n ∈ Zσ | n ≤ k − 1} if k ≤ −1.
Then for k ∈ Z∗ and n ∈ Z(k), we have ([1, Proposition 7.3])
(2.4) Φn,n
σ,|k| = Ψ
n,n
k ,
where σ ∈ M̂ is determined by k ∈ Z−σ.
For a (n, n)-type function f the spherical Fourier transform of f is defined by
f̂H(σ, λ) =
∫
G
f(x)Φn,nσ,λ(x
−1) dx,
and
f̂B(k) =
∫
G
f(x)Ψn,nk (x
−1) dx,
where σ ∈ M̂ is determined by n ∈ Zσ and k ∈ Z−σ.
For σ ∈ M̂ and n ∈ Zσ, let
Ln,nσ = {k ∈ Z−σ | 0 < k < n or n < k < 0}.
Then for a nice (n, n)-type function f the inversion formula is given by ([1, Theorem 10.2]):
f(x) =
1
4pi2
∫
iR
f̂H(σ, λ)Φ
n,n
σ,λ (x)µ(σ, λ) dλ +
1
2pi
∑
k∈Ln,nσ
f̂B(k)Ψ
n,n
k (x)|k|,
where σ ∈ M̂ is determined by n ∈ Zσ and µ(σ, λ) is given by
(2.5) µ(σ, λ) =

λpii
2 tan(
piλ
2 ) if σ = σ
+,
−λpii
2 cot(
piλ
2 ) if σ = σ
−.
Let g = sl(2,R) be the Lie algebra of SL(2,R) and U(g) be the universal envelloping algebra of
g. For 0 < p ≤ 2 the Lp-Schwartz spaces Cp(G)n,n is the set of all (n, n)-type functions f ∈ C∞(G)
such that
sup
x∈G
(1 + σ(x))sφ0(x)
− 2
p |f(D;x;E)| <∞,
for any D,E ∈ U(g) and any integer s ≥ 0, where f(D;x;E) is defined by
f(D;x;E) =
d
dt
|t=0 d
ds
|s=0 f(exp tD x exp sE).
The Schwartz space Cp(G)n,n is topologized by the seminorms
σpD,E,s(f) = sup
x∈G
(1 + |x|)sφ0(x)−
2
p |f(D;x;E)| .
Then it follows that C∞c (G)n,n is dense in Cp(G)n,n and Cp(G)n,n is dense in Lp(G)n,n.
Let C2B(Ĝ)n,n be the set of all functions on Ln,nσ . Then we have (see [1, Theorem 16.1])
Theorem 2.2. The map f 7→ (f̂H , f̂B) is a topological isomorphism from C2(G)n,n onto S(iR)e ×
C2B(Ĝ)n,n.
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The complexification of g is g + ig = sl(2,C) is the Lie algebra of GC = SL(2,C). The Cartan
involution for g is given by θ(A) = −AT . Then g = k⊕ p is the Cartan decomposition where
k = {A | θ(A) = A} = {A ∈ sl(2,R) | AT = −A},
and
p = {A | θ(A) = −A} = {A ∈ sl(2,R) | AT = A}.
The complexification of k is given by
kC = k⊕ ik = {X ∈ sl(2,C) | XT = −X}.
The corresponding connected group KC whose Lie algebra is kC is given by
KC = SO(2,C) = {A ∈ GL(2,C) | ATA = I = AAT }.
This is noncompact group.
Now let u = k⊕ ip. Then
u = {A+ iB | A ∈ k, B ∈ p} = {X ∈ sl(2,C) | X∗ = −X},
and the corresponding connected group whose Lie algebra is u is U = SU(2). Therefore starting with
the Riemannian symmetric space of noncompact type G/K = SL(2,R)/SO(2) we get a Riemannian
symmetric space of compact type U/K = SU(2)/SO(2). Such a compact symmetric space U/K is
called the compact dual of G/K. We observe that
G/K ∼= H2 = {x+ iy | x ∈ R, y > 0} and U/K ∼= S2.
It is easy to check that the complexification of g is same as complexification of u, that is gC =
uC. Also both the Riemannian symmetric spaces G/K and U/K are embedded as a totally real
submanifold in the (non-Riemannian) symmetric space GC/KC.
Let Pm be the space of polynomials in two variables, with complex coefficients and homogeneous
of degree m. We note that dimension of Pm is m + 1. The set of irreducible representations of
U = SU(2) is given by pim,m ∈ N ∪ {0} on Pm defined by
pim(g)f(u, v) = f ((u, v)g)) .
It is well known that pim has weights, −m,−m + 2, · · · ,m − 2,m with weight vectors (say),
v−m, v−m+2, · · · , vm−2, vm respectively (see [3]). We say pim is K-spherical if there exists a nonzero
function f ∈ Pm such that
pim(kθ)f = f for all kθ ∈ K.
For a fixed n ∈ Z, we say pim is n-spherical if there exists a nonzero function f ∈ Pm such that
pim(kθ)f = en(k
−1
θ )f for all kθ ∈ K,
where en(kθ) = e
inθ. Also such a vector f will be called a n-spherical vector.
Proposition 2.3. For n ∈ N∪{0}, the n-spherical representations are given by pi2m+n,m ∈ N∪{0}.
Proof. Let f ∈ Pl be a n-spherical vector for pil. Since f ∈ Pl we can write f as
f = c0f0 + c1f1 + · · · + clfl,
where fj ((u, v)) = u
jvm−j and cj ∈ C for j = 0, 1, · · ·m. Then
pil(kθ)f = e
−inθf for all kθ ∈ K,
implies that
(2.6) f ((u cos θ − v sin θ, u sin θ + v cos θ)) = e−inθf((u, v)),
for all u, v and θ. That is for all r, θ, φ we have,
f (r cos(θ + φ), r sin(θ + φ)) = e−inθf (r cosφ, r sinφ) .
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This implies that,
f (cos θ, sin θ) = e−inθf((1, 0)).
But f is a homogeneous polynomial of degree l. Hence
f (r cos θ, r sin θ) = rlf (cos θ, sin θ) = f((1, 0))rle−inθ = f((1, 0))rl(cos θ − i sin θ)n.
Hence
f(u, v) = f((1, 0))rl
(u
r
− iv
r
)n
= f((1, 0))(u2 + v2)
l−n
2 (u− iv)n.
This f is a polynomial of degree l if and only if l−n2 is a positive intger. Hence pil is a n-spherical
representation if l = n+ 2m with m ∈ N ∪ {0} and in this case
f((u, v)) = (u2 + v2)
l−n
2 (u− iv)n,
is a n-spherical vector.
Conversely, if l − 2m = n, it is easy to check that
f((u, v)) = (u2 + v2)
l−n
2 (u− iv)n,
is a n-spherical vector. 
Remark 2.4. From the proof above it follows that the dimension of n-spherical vectors for the
representation pin+2m is 1.
The proof of the following proposition is similar to that of Proposition 2.3.
Proposition 2.5. For any negative integer n, the n-spherical representations are given by
pi2m+n,m ∈ N ∪ {0} such that n+m ≥ 0. In this case
f((u, v)) = (u2 + v2)m(u− iv)n,
is a n-spherical vector.
A function f on U is said to be of type (n, n) if it satisfies the same condition of (2.2) with x ∈ G
is replaced by x ∈ U .
We now define the n-spherical function ψ2m+n,n (associated to pi2m+n) by
ψ2m+n,n(x) =
1
‖f ′‖2 〈pi2m+n(x
−1)f ′, f ′〉,
where f ′ is a n-fixed vector for pi2m+n. It is easy to check that ψ2m+n,n(e) = 1 and ψ2m+n,n is a
(n, n)-type function.
For f ∈ L1(U), the Fourier coefficients of f are defined by
f̂(m) =
∫
U
f(g)pim(g
−1) dg, m = 0, 1, 2, · · · .
For a function f ∈ L2(U), the Fourier series of f is
f(g) =
∞∑
m=0
(m+ 1)Tr
(
f̂(m)pim(g)
)
.
It is now easy to check that for a (n, n)-type function f the possible nonzero Fourier coefficients
are given by
f̂(2m+ n) =
∫
U
f(g)ψn+2m,n(g
−1) dg,m = 0, 1, 2, · · · .
Also for a (n, n)-type function, n nonnegative integer, the Fourier series reduces to
f(g) =
∞∑
m=0
(2m+ n+ 1)f̂(2m+ n)ψ2m+n,n(g).
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For a (n, n)-type function, n negative integer, the Fourier series reduces to
f(g) =
∞∑
m=[
|n|
2
]
(2m+ n+ 1)f̂(2m+ n)ψ2m+n,n(g).
We will need the following Polar decomposition of U :
U = SO(2)B SO(2),
where
B =
{(
eit 0
0 e−it
)
| t ∈ R
}
.
We now have the following relation between the n-spherical functions on G and U .
Theorem 2.6. For m,n ∈ N ∪ {0}, the function ψ2m+n,n admits a holomorphic extension to UC
and
ψ2m+n,n |G = Φn,nσ,2m+n+1 with n ∈ Zσ.
Proof. The proof is similar to [6, Lemma 4.6]. Since pin+2m is a representation of the compact group
U , it extends holomorphically to UC = SL(2,C). We denote the extended representation again by
pin+2m. Let n be fixed non-negative integer.
We define PnK on Pn+2m by
PnK(f) =
∫
K
en(kθ)pin+2m(kθ)f dkθ.
Then it is easy to check that
pin+2m(kθ)P
n
K(f) = en(k
−1
θ )P
n
K(f),
that is PnK(f) is an n spherical vector. Also P
n
K is an orthogonal projection and self adjoint (that
is, (PnK)
∗ = PnK). Let f
′ be a n-spherical vector for pin+2m. Since the space of n-spherical vectors
is of dimension 1,
PnK(f) =
1
‖f ′‖2 〈f, f
′〉f ′.
Let g be the highest weight vector for pin+2m with 〈g, f
′
‖f ′‖〉 = 1. We claim that:
ψn+2m,n(x) =
1
‖f ′‖
∫
K
en(kθ)〈pin+2m(x−1kθ)g, f ′〉 dkθ.
We have
PnK(g) =
f ′
‖f ′‖ .
Hence
f ′ = ‖f ′‖PnK(g) = ‖f ′‖
∫
K
en(kθ)pin+2m(kθ)g dkθ.
This implies that
ψn+2m,n(x) =
1
‖f ′‖2 〈pin+2m(x
−1)f ′, f ′〉 = 1‖f ′‖
∫
K
en(kθ)〈pin+2m(x−1kθ)g, f ′〉 dkθ.
This is true for all x ∈ U and hence true for all x ∈ UC = SL(2,C).
For x ∈ SL(2,R),
〈pin+2m(x−1kθ)g, f ′〉 = 〈pin+2m
(
K(x−1kθ)a(x
−1kθ)n(x
−1kθ)
)
g, f ′〉
= 〈pin+2m
(
a(x−1kθ)n(x
−1kθ)
)
g, pin+2m(K(x
−1kθ)
−1)f ′〉.
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Since g is a highest weight vector for pin+2m, we have
pin+2m(n(x
−1kθ))g = g,
and
pin+2m(a(x
−1kθ))g = e
(n+2m)H(x−1kθ)g.
Also since f ′ is n-spherical vector, we have
pin+2m(K(x
−1kθ)
−1)f ′ = en(K(x
−1kθ))f
′.
Therefore,
〈pin+2m(x−1kθ)g, f ′〉 = 〈pin+2m
(
a(x−1kθ)
)
g, pin+2m(K(x
−1kθ)
−1)f ′〉
= 〈e(n+2m)H(x−1kθ)g, en(K(x−1kθ))f ′〉
= e(n+2m)H(x
−1kθ)e−n(K(x
−1kθ))(‖f ′‖).
Hence for x ∈ SL(2,R),
ψn+2m,n(x) =
∫
K
e(n+2m)H(x
−1kθ)e−n(K(x
−1kθ))en(kθ) dkθ = Φ
n,n
σ,n+2m+1(x).
This completes the proof. 
The proof of the following theorem is similar.
Theorem 2.7. Let n be a negative integer. Then for integers m such that n + m ≥ 0, ψ2m+n,n
admits a holomorphic extension to UC and
ψ2m+n,n |G = Φn,nσ,2m+n+1 with n ∈ Zσ.
We need to estimate the n-spherical function ψ2m+n,n on UC. The following decomposition will
help us in this regard.
Proposition 2.8. GC = SL(2,C) has a unique decomposition
SL(2,C) = SU(2) exp a+ SO(2,C),
where a =
{(
t 0
0 −t
)
| t ∈ R
}
.
Proof. Let θ(X) = −X∗ be the Cartan involution for gC = sl(2,C). Then
k1 := g
θ
C = {X ∈ sl(2,C) | θ(X) = X} = {X ∈ sl(2,C) | X∗ = −X},
p1 := {X ∈ sl(2,C) | dθ(X) = −X} = {X ∈ sl(2,C) | X∗ = X},
so that
gC = k1 ⊕ p1.
Let us consider another involution σ of gC by
σ(X) = −XT .
Then
h := gσC = {X ∈ sl(2,C) | σ(X) = X} = {X ∈ sl(2,C) | XT = −X} = so(2,C),
and
q := {X ∈ sl(2,C) | σ(X) = −X} = {X ∈ sl(2,C) | XT = X},
so that
gC = h⊕ q.
8
Then
p1 ∩ q = {X ∈ sl(2,C) | XT = X = XT } = {X ∈ sl(2,R) | XT = X} = psl(2,R),
and
p1 ∩ h = {X ∈ sl(2,C) | XT = X = −XT } =

 0 ib
−ib −0
 | b ∈ R
 .
Therefore (see [5, Proposition 2.2, p. 106]), any element g ∈ SL(2,C) can uniquely be written as
g = k expX expY for some k ∈ SU(2),X ∈ p1 ∩ q, Y ∈ p1 ∩ h.
Also since expX ∈ SL(2,R), Cartan decomposition implies
expX = kθ expZ kφ for some kθ, kφ ∈ SO(2) and for some unique Z ∈

 t 0
0 −t
 | t ≥ 0
 .
Hence
g = (kkθ) expZ(kφ expY ) where kkθ ∈ SU(2), Z ∈

 t 0
0 −t
 | t ≥ 0
 ,
and kφ expY ∈ SO(2,C). 
The following theorem gives the required estimate of the spherical function ψ2m+n,n on UC (see
[8, Proposition 12] for corresponding result on XC.)
Proposition 2.9. The n-spherical function ψ2m+n,n satisfies the following estimate:
|ψ2m+n,n(g)| ≤ C e(2m+n)t|en(h−1)|,
where g = k exp a(g)h with k ∈ SU(2), h ∈ SO(2,C) and a(g) =
(
t 0
0 −t
)
∈ a+.
Proof. The following steps will lead to the proof of the theorem.
Step-1: Let pi : U → B(V ) be a unitary representation of a compact group U . Then dpi : u→ B(V )
is a representation of the Lie algebra u and since pi is unitary so dpi(X)∗ = −dpi(X). We extend dpi
to uC by, (dpi)
C : u+ iu→ B(V ) as
(dpi)C(X + iY ) = dpi(X) + i dpi(Y ).
Then
(dpi)C(iY )∗ = (idpi(Y ))∗ = i dpi(Y ).
We define piC : UC → B(V ) as piC(exp(X + iY )) = exp(dpiC(X + iY )). Then
(2.7) piC(exp(iY ))
∗piC(exp(iY )) = exp dpi
C(iY )∗ exp dpiC(iY ) = exp (2idpi(Y )) .
Step-2: Let f ′ be a n-spherical vector for pin+2m (with respect to K). Therefore it follows that f
′
is a n-spherical vector for piCn+2m (with respect to KC = SO(2,C)).
Step-3: We consider an orthonormal basis of Pn+2m taking one element as f0 = f
′
‖f ′‖ , where f
′ is a
n-spherical vector and let the basis be {f0, f1, · · · , fn+2m}. We claim that
2m+n∑
j=0
∣∣∣〈piCn+2m(g)f0, f j〉∣∣∣2 ≤ Ce(4m+2n)t|en(h−1)|2,
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where g = k exp a(g)h and a(g) =
(
t 0
0 −t
)
. As a consequence it will follow that
|ψn+2m,n(k exp a(g)h)| ≤ e(2m+n)t|en(h−1)|.
The projection PnK satisfies
pin+2m(k)P
n
K(f) = en(k
−1)PnK(f).
Using the properties that PnK is an orthogonal projection, self adjoint and the space of n-spherical
vectors is of dimension 1 it follows that∑2m+n
j=0
∣∣〈piCn+2m(k exp a(g)h)f0, f j〉∣∣2 = ∑2m+nj=0 ∣∣〈piCn+2m(k exp a(g))en(h−1)f0, f j〉∣∣2
=
∑2m+n
i,j=0 |en(h−1)|2
∣∣〈piCn+2m(k exp a(g))PnKf i, f j〉∣∣2
= |en(h−1)|2
∥∥piC2m+n (k exp a(g))PnK∥∥2HS .
The expression above is equal to
|en(h−1)|2Tr
(
(PnK)
∗ ◦ piC2m+n (k exp a(g))∗ ◦ piC2m+n (k exp a(g)) ◦ PnK
)
.
By Step-1 and the fact that pim has weights, −m,−m + 2, · · · ,m − 2,m with weight vectors,
v−m, v−m+2, · · · , vm−2, vm respectively we have∑2m+n
j=0
∣∣〈piCn+2m(k exp a(g)h)f0, f j〉∣∣2
= |en(h−1)|2Tr
(
PnK ◦ piC2m+n (exp 2a(g))
)
= |en(h−1)|2
∑n+2m
j=0 〈PnK ◦ piCn+2m(exp 2a(g))v−2m−n+2j , v−2m−n+2j〉
= |en(h−1)|2
∑n+2m
j=0 〈piCn+2m(exp 2a(g))v−2m−n+2j , PnKv−2m−n+2j〉
= |en(h−1)|2
∑n+2m
j=0 〈e2(−2m−n+2j)tv−2m−n+2j , PnKv−2m−n+2j〉
≤ |en(h−1)|2e(4m+2n)t Tr(PnK).
The last inequality follows because
〈v−2m−n+2j , PnKv−2m−n+2j〉 = ‖PnKv−2m−n+2j‖2 ≥ 0.
But
Tr(PnK) =
n+2m∑
i=0
〈PnKf i, f i〉 = 1.
This implies that
2m+n∑
j=0
∣∣∣〈piCn+2m(k exp a(g)h)f0, f j〉∣∣∣2 ≤ |en(h−1)|2e(4m+2n)t.
This completes the proof. 
Corollary 2.10. For t ≥ 0, we have∣∣∣∣ψ2m+n,n(exp( −t 00 t
)
)
∣∣∣∣ ≤ C e(2m+n)t.
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This follows because (
0 1
1 0
)(
et 0
0 e−t
)(
0 1
1 0
)
=
(
e−t 0
0 et
)
.
We recall that
Φn,nσ,λ(at) =
∫
K
e−(λ+1)H(a−tkθ)e−n (K(a−tkθ)) en(kθ) dkθ.
We now extend holomorphically this Φn,nσ,λ to a subset of AC (where AC is the complexification of
A inside GC) containing A in the following way:
We have
at+iskθ =
(
et+is cos θ et+is sin θ
−e−t−is sin θ e−t−is cos θ
)
.
Then from (2.1) it follows that the function t 7→ e−(λ+1)H(atkθ) extends holomorphically to a certain
neighboorhod of A as
(2.8) e−(λ+1)H(at+iskθ) =
(
e2(t+is) cos2 θ + e−2(t+is) sin2 θ
)−λ+1
2
,
and the function t 7→ em(K(atkθ) extends holomorphically to a certain neighboorhod of A as
(2.9) em (K(at+iskθ)) =
(
et+is cos θ + iet−is sin θ√
e2(t+is) cos2 θ + e−2(t+is) sin2 θ
)−m
.
We now extend Φn,nσ,λ(at+is) in the following way:
(2.10) Φn,nσ,λ(at+is) =
∫
K
e−(λ+1)H(a−t−iskθ)e−n (K(a−t−iskθ)) en(kθ) dkθ.
This function is holomorphic for |s| < δ1 for some δ1 > 0. The following proposition gives an
estimate of n-spherical function on a certain neighboorhood of A.
Proposition 2.11. For σ ∈ M̂ ,
|Φn,nσ,λ1+iλ2(at+is)| ≤ C e2|n| |t|e|λ1| |t|+|λ2| |s|,
for all t, s ∈ R with |s| < δ for some δ > 0.
Proof. Case-1: Let n be a non-negative integer. We have (see [7, (4.17)]) that for t ∈ R
Φn,nσ,λ(at) = (cosh t)
2nφ
(0,2n)
λ (t),
where φ
(0,2n)
λ is the Jacobi function given by
φ
(0,2n)
λ (t) =2 F1(n+
1− λ
2
, n +
1− λ
2
, 1,− sinh2 t).
The hypergeometric function associated to the root system BC1 = {−α,α,−2α, 2α} is the
classical Gauss hypergeometric functions φ
(a,b)
λ with a =
mα+m2α−1
2 and b =
m2α−1
2 . It is known by
Opdam [11, Theorem 3.15] that for each λ ∈ C, the function φ(0,2n)λ has a holomorphic extension
to {t + is ∈ C | |s| < δ2} for some δ2 > 0. Therefore, there exists δ > 0 such that for t ∈ R and
|s| < δ,
Φn,nσ,λ(at+is) = (cosh(t+ is))
2nφ
(0,2n)
λ (t+ is).
Since, m2α ≥ 0 and mα + m2α ≥ 0 (i.e. a ≥ −12 , b ≥ −12) by Ho and O´lafsson (see [6, Prop.
A.6]) we have ∣∣∣φ(0,2n)λ1+iλ2(t+ is)∣∣∣ ≤ Ce|λ2| |s|+|λ1| |t|.
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Hence we have ∣∣∣Φn,nσ,λ1+iλ2(at+is)∣∣∣ ≤ e2nte|λ1| |t|+|λ2| |s|.
Case-2: Let n be a negative integer. It follows from (2.8), (2.9)) that
e−(λ+1)H(at+iskθ) = e−(λ+1)H(at−iskθ),
and
em (K(at+iskθ)) = e−m (K(at−iskθ)) .
Hence
Φn,nσ,λ(at+is) = Φ
−n,−n
σ,λ
(at−is).
Therefore from Case-1, it follows that∣∣∣Φn,nσ,λ(at+is)∣∣∣ = ∣∣∣Φn,nσ,λ(at+is)∣∣∣ = ∣∣∣Φ−n,−nσ,λ (at−is)∣∣∣ ≤ e−2nte|λ1| |t|+|λ2| |s|.

Let A, p, δ be real numbers such that A < pi2 , p > 0 and 0 < δ ≤ 1. Let
H(δ) = {λ ∈ C | ℜλ > −δ},
and
H(A, p, δ) =
{
a : H(δ)→ C holomorphic | |a(λ)| ≤ Ce−p(ℜλ)+A|ℑλ| for all λ ∈ H(δ)
}
.
We now present an analogue of Ramanujan’s Master theorem alluded to introduction.
Theorem 2.12. Let n be a positive integer and a ∈ H(A, p, δ) with A, p, δ as above. Then
(1) The (n, n)-type spherical Fourier series
(2.11) f(x) =
∞∑
m=0
(−1)m+1(2m+ n+ 1)a(2m+ 1 + n)ψn+2m,n(x),
converges on a compact subset of Ωp := SO(2)
{(
eit 0
0 e−it
)
| t ∈ R with |t| < p
}
SO(2)
and defines a holomorphic function on a neighboorhood
Ω′p = SU(2)
{(
eit 0
0 e−it
)
| t ∈ C with |ℑt| < p
}
SO(2,C), of Ωp in GC.
(2) Let η ∈ R with 0 ≤ η < δ. Then
f(at) =
1
2
∫ −η+i∞
−η−i∞
(a(λ)b(λ) + a(−λ)b(−λ)) Φ(n,n)σ,λ (at)µ(σ, λ) dλ
(2.12) +
∑
k∈Ln,nσ
(−1)k−n−12 k a(k)Ψk(at),
for t ∈ R with |t| < p, where b(λ) is defined by
b(λ)µ(σ, λ) =

(
i
4(−1)−
n
2
+1
)
λ
cos piλ
2
if n is even,(
i
4(−1)−[
n
2
]+1
)
λ
sin piλ
2
if n is odd.
The integral above is independent of η and converges uniformly on compact subsets of {at |
t ∈ R} and extends as a (n, n)-type function on a neighboorhood of G in GC.
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(3) The extension of f to G satisfies the following:
1
4pi2
∫
G
f(x)Φn,nσ,λ(x
−1) dx =
1
2
(a(λ)b(λ) + a(−λ)b(−λ)) , λ ∈ iR,
and for k ∈ Ln,nσ
1
2pi
∫
G
f(x)Ψn,nk (x
−1) dx = (−1)k−n−12 a(k).
To prove the theorem we need the following elementary estimates:
Lemma 2.13. (1) | cos pi2 (s+ ir)| ≥ e
pi
2
r if r is away from 0.
(2) | cos pi2 (2k + is)| ≥ e
pi
2
s for all s.
(3) | cos pi2 (s− i2k)| ≥ ekpi for k ≥ 1.
(4) On a small neighboorhood of iR, | cos pi2 (s+ ir)| ≥ e
pi
2
|r| if r is away from 0.
Proof of Theorem 2.12: We first assume that n is an even positive integer. In this case, proof of
(1) follows straight away from the Corollary 2.10.
For the proof of (2), we note that the function b(λ)µ(σ+, λ) = c λ
cos piλ
2
, where c =
(
i
4(−1)−
n
2
+1
)
has simple poles at λ = ±1,±3,±5, · · · and it is easy to check that
Resλ=2j+1
(
b(λ)µ(σ+, λ)
)
= (−1)j+1 2c
pi
(2j + 1).
Also it is easy to see from Lemma 2.13 that for λ on imaginary axis,
|b(λ)µ(σ+, λ)| ≤ |λ|e−pi2 |ℑλ|.
It follows from (2.5), that for λ ∈ C
b(λ) =
−2ci
pi
1
sin(piλ2 )
.
Clearly this function has simple poles at λ = 0,±2,±4, · · · .
We now consider the integral
I =
∫ +i∞
−i∞
a(λ)b(λ)Φn,n
σ+,λ
(at)µ(σ
+, λ) dλ.
By choosing the rectangular path γk joining the vertices (0, 2ki), (2k, 2ki), (2k,−2ki), (0,−2ki) and
observing that the poles of the integrand are situated at the points λ = 1, 3, 5, · · · , 2k − 1 inside
the path γk it follows that∫
γr
a(λ)b(λ)Φ
(n,n)
σ+ ,λ
(at)µ(σ
+, λ) dλ
= 2pii
∑k−1
m=0 a(2m+ 1)Φ
(n,n)
σ+,2m+1
(at) Res λ=2m+1 (b(λ)µ(σ
+, λ))
= 2pii
∑k−1
m=0(−1)m+1 2cpi (2m+ 1) a(2m+ 1)Φ
(n,n)
σ+,2m+1
(at).
For t ∈ R with |t| < p, we have∫ 2k+2ki
2ki |a(λ)| |b(λ)| |Φ
(n,n)
σ+ ,λ
(at)|µ(σ+, λ) dλ
=
∫ 2k
0 |a(s + 2ki)| |Φ
(n,n)
σ+ ,s+2ki
(at)| |b(s + 2ki)|µ(σ+, s+ 2ki) ds
≤ ∫ 2k0 e−ps+A2ke(s−1)t(s+ 2k)e−kpi ds (because of (2.3) and Lemma 2.13)
≤ Ck2e(A−pi2 )2k.
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This last quantity goes to 0 as k →∞.
We now consider the integral
(2.13)
∫ 2k−i2k
2k+i2k
|a(λ)| |b(λ)| |Φ(n,n)
σ+ ,λ
(at)|µ(σ+, λ) dλ.
Let t ≥ 0 with t < p. Now,∫ 2k+i2k
2k−i2k |a(λ)| |b(λ)| |Φ
(n,n)
σ+ ,λ
(at)|µ(σ+, λ) dλ
=
∫ 2k
−2k |a(2k + is)| |Φ
(n,n)
σ+ ,2k+is
(at)| |b(2k + is)|µ(σ+, 2k + is) ds
≤ ∫ 2k−2k e−2pk+A|s|e(2k−1)t(2k + |s|)e−pi2 |s| ds (because of (2.3) and Lemma 2.13)
= 2
∫ 2k
0 e
−2pk+A|s|e(2k−1)t(2k + |s|)e−pi2 |s| ds
≤ Cke−2kt ∫ 2k0 e(A−pi2 )|s| ds.
The last quantity goes to 0 as k → ∞. Hence the integral in (2.13) goes to zero as k → ∞, for
t ∈ R with |t| < p.
Next, ∫ −i2k
2k−i2k |a(λ)| |b(λ)| |Φ
(n,n)
σ+ ,λ
(at)|µ(σ+, λ) dλ
=
∫ 0
2k |a(s− i2k)| |b(s − i2k)| |Φ
(n,n)
σ+ ,s−i2k
(at)|µ(σ+, s− i2k) ds
≤ ∫ 02k e−ps+A2ke(s−1)t(|s|+ 2k)e−kpi ds (because of (2.3) and Lemma 2.13)
≤ Cke(A−pi2 )2k.
This last quantity goes to zero as k goes to infinity. Hence we have
I = 2pii
∞∑
m=0
(−1)m+1 2c
pi
(2m+ 1) a(2m+ 1)Φ
(n,n)
σ+,2m+1
(at).
We now write
I = I1 + I2,
where
I1 = 2pii
∑n−2
2
m=0(−1)m+1 2cpi (2m+ 1) a(2m+ 1)Φ
(n,n)
σ+,2m+1
(at),
I2 = 2pii
∑∞
m=n
2
(−1)m+1 2c
pi
(2m+ 1) a(2m+ 1)Φ
(n,n)
σ+,2m+1
(at).
We know that for m ≤ n−22 that is, for 2m+ 1 < n (see (2.4)),
Φ
(n,n)
σ+,2m+1
(at) = Ψ2m+1(at).
Therefore
I1 = 2pii
∑n−2
2
m=0(−1)m+1 2cpi (2m+ 1) a(2m+ 1)Ψ2m+1(at)
=
∑n−2
2
m=0(−1)m+14ci(2m + 1) a(2m + 1)Ψ2m+1(at).
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We recall from Theorem 2.6 that for m ≥ 0,
Φ
(n,n)
σ+,n+2m+1
(at) = ψn+2m,n(at).
Therefore
I2 = 2pii
∑∞
m=0(−1)m+1+
n
2
2c
pi
(2m+ 1 + n) a(n+ 2m+ 1)ψn+2m,n(at)
=
∑∞
m=0(−1)m+1+
n
2 4ci(2m + 1 + n) a(n+ 2m+ 1)ψn+2m,n(at).
We have choosen c such that 4ci(−1)n2 = 1. Therefore, for t ∈ R with |t| < p,
f(at) =
1
2
∫ +i∞
−i∞
(a(λ)b(λ) + a(−λ)b(−λ)) Φ(n,n)
σ+,λ
(at)µ(σ
+, λ) dλ
+
n−2
2∑
j=0
(−1)j−n2 (2j + 1)a(2j + 1)Ψ2j+1(at).
From Proposition 2.11, Lemma 2.13 and using the fact that A < pi2 , it is clear that the integral∫ +i∞
−i∞
(a(λ)b(λ) + a(−λ)b(−λ)) Φ(n,n)
σ+,λ
(at)µ(σ
+, λ) dλ,
exists and holomorphic for all t ∈ C with |ℑt| < δ1 for some δ1 > 0. Therefore using (2.4) and
(2.10) it follows that f(at) has a holomorphic extension for all t ∈ C with |ℑt| < δ2 for some δ2 > 0.
Hence
f(at) =
1
2
∫ +i∞
−i∞
(a(λ)b(λ) + a(−λ)b(−λ)) Φ(n,n)
σ+,λ
(at)µ(σ
+, λ) dλ
+
n−2
2∑
j=0
(−1)j−n2 (2j + 1)a(2j + 1)Ψ2j+1(at),
for t ∈ C, |ℑt| < δ2.
Using Cauchy integral formula and using the estimates of Φn,nσ,λ , b(λ)µ(σ, λ) and a(λ) we can prove
that for 0 < η < δ(≤ 1),
1
2
∫ +i∞
−i∞ (a(λ)b(λ) + a(−λ)b(−λ)) Φ
(n,n)
σ+,λ
(at)µ(σ
+, λ) dλ
= 12
∫ −η+i∞
−η−i∞ (a(λ)b(λ) + a(−λ)b(−λ)) Φ
(n,n)
σ+,λ
(at)µ(σ
+, λ) dλ.
For the proof of (3), we first observe that a(λ)b(λ) + a(−λ)b(−λ) is holomorphic in |ℜλ| < δ, as
a(λ)b(λ) + a(−λ)b(−λ) = (a(λ)− a(−λ)) b(λ) and a(λ) − a(−λ) has a zero at λ = 0 and a(λ) is
holomorphic there. Now for s away from 0,
|a(r + is)b(r + is)| ≤ Ce−pr+A|s|e−pi2 |s|.
This estimate, together with Cauchy integral formula shows that
λ 7→ a(λ)b(λ) + a(−λ)b(−λ) ∈ S(iR)e.
Therefore, using the inversion formula we get the desired formula. This completes the proof for the
case when n is an even nonnegative integer.
Proof for the case when n is odd is similar. 
We now state the theorem for n negative integer and we observe that there is no discrete series
representation involves in this case.
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Theorem 2.14. Let n be a negative integer and a ∈ H(A, p, δ). Then
(1) The spherical Fourier series
f(x) =
∞∑
m=
|n|
2
(−1)m+1a(2m+ 1 + n)ψn+2m,n(x),
converges on a compact subset of Ωp := SO(2)
{(
eit 0
0 e−it
)
| t ∈ R with |t| < p
}
SO(2)
and defines a holomorphic function on a neighboorhood
Ω′p = SU(2)
{(
eit 0
0 e−it
)
| t ∈ C with |t| < p
}
SO(2,C), of Ωp in XC.
(2) Let η ∈ R with 0 ≤ η < δ. Then
f(at) =
1
2
∫ −η+i∞
−η−i∞
(a(λ)b(λ) + a(−λ)b(−λ)) Φ(n,n)σ,λ (at)µ(σ, λ) dλ,
for t ∈ R with |t| < p, where b(λ) is defined by
b(λ)µ(σ, λ) =

(
i
4 (−1)n+1
)
λ
cos piλ
2
if n is even,(
i
4 (−1)−(n+1
)
λ
sin piλ
2
if n is odd.
The integral above is independent of η and converges uniformly on compact subsets of {at |
t ∈ R} and extends as a (n, n)-type function on a neighboorhood of G in GC.
(3) The extension of f to G satisfies the following:
(2.14)
1
4pi2
∫
G
f(x)Φn,n
σ+,λ
(x−1) dx =
1
2
(a(λ)b(λ) + a(−λ)b(−λ)) , λ ∈ iR.
Remark 2.15. It can be easily seen that the decay condition on the function a ∈ H(A, p, δ) (that
is, A < pi2 ) is optimum. In deed, Theorem 2.12 is not true for a(λ), where
a(λ) =
 λ sin
piλ
2 if n is odd,
λ cos piλ2 if n is even.
Because for the case n even, it follows from (2.11) that f(x) = 0 on Ω′p. In particular f(I) = 0
where I is the identity matrix. Therefore the integral in the right side of (2.12) should vanishes at
t = 0 but from the expression of a(λ) given above it follows that the integral in the right side of
(2.12) does not exist. The reason for the case n odd is similar. It can be easily checked that A < pi
is optimum in [2, 9]. This difference occurs due to the parmetrization of a, a∗.
3. Ramujan’s Master theorem for χl-radial functions on SU(1,n)
In this section we shall prove an analogue of Ramanujan’s Master theorem for the χl-radial
functions on SU(1, n). We refer to [6] and references therein for the preliminaries.
Let G = SU(1, n) = {g ∈ GLn(C) | g∗I1,ng = I1,n,det g = 1} where g∗ is the complex conjugate
and
I1,n =
(
1 01×n
0n×1 −In×n
)
.
Then the Lie algebra g of G is given by
g =
{( −Tr(C) A
A∗ Cn×n
)
| C∗n×n = −Cn×n
}
.
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If θ(X) = −X∗ denotes the Cartan involution on g, then
k = gθ = {X ∈ g | θ(X) = X} =
{( −Tr(C) 0
0 C
)
| C∗ = −C
}
.
Then k is the Lie algebra of the compact group
K =
{(
(detU)−1 0
0 U
)
| U ∈ U(n)
}
= S (U(1)×U(n)) .
For
p = {X ∈ g | θ(X) = −X} =
{(
0 B
B∗ 0
)
| B ∈M1×n(C)
}
,
we have
g = k⊕ p.
Let
(3.1) H =
 0 01×n−1 11×10n−1×1 0n−1×n−1 0n−1×1
11×1 01×n−1 01×1
 ∈ p,
and let a = RH. Then a is a maximal abelian subspace of p. Let β ∈ a∗ be such that β(H) = 1.
Then
Σ(g, a) = {β, 2β},
mβ := dim gβ = 2(n − 1),m2β := dim g2β = 1 and ρ = 12(mβ + 2m2β) = n.
Let
u = k⊕ ip =
{( −Tr(C) iB
iB∗ C
)
| C∗ = −C,B ∈M1,n(C)
}
.
This is the set of (n+1)×(n+1) skew hermitian matrices with trace 0. Then u is Lie algebra of the
compact group U = SU(n+1). It follows that U = SU(n+1) is the compact dual of G = SU(1, n)
and gC = uC. Let GC be the analytic subgroup of GL(n + 1,C) with Lie algebra gC. We define,
UC = GC.
All one dimensional representations of K are parametrized by l ∈ Z and given by
χl
((
(detU)−1 0
0 U
))
= (detU)l.
Definition 3.1. A function f on G (respectively on U) is said to be χl-radial if
f(k1xk2) = χl(k
−1
1 )f(x)χl(k
−1
2 ), k1, k2 ∈ K,
x ∈ G (respectively for x ∈ U).
A representation pi of U on a Hilbert space V is said to be spherical if
V Kpi := {v ∈ V | pi(k)v = v for all k ∈ K} ,
is non empty and in this case dimV Kpi = 1. It is known that the spherical representations of U are
parametrized by 2m,m ∈ N ∪ {0}. Analogously, a representation pi of U on a Hilbert space V is
said to be χl-spherical if
V lpi := {v ∈ V | pi(k)v = χl(k)v for all k ∈ K} ,
is non empty. It then follows that dimV lpi = 1. It is known that the χl spherical representations of
U are parametrized by 2m+ |l|,m ∈ N ∪ {0}. Let the representation space for pi2m+|l| be V2m+|l|.
Also let λ1, λ2, · · · , λr be the weights for pi2m+|l| with weight vectors say v1, v2, · · · , vr respectively.
Then
(3.2) λi(H) ≤ 2m+ |l|, i = 1, 2, · · · , r,
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as 2m+ |l| is the highest weight.
For fixed m ∈ N ∪ {0}, l ∈ Z, let f0 be the unique χl-spherical vector for pi2m+|l| with ‖f0‖ = 1.
We define the elementary spherical function of type χl on U by
ψ2m+|l|(x) := 〈pi2m+|l|(x)f0, f0〉.
Clearly this function is χl-radial on U . Let n = gβ ⊕ g2β and let N be the analytic subgroup of G
with Lie algebra n and let A = exp a. Then we have the Iwasawa decomposition G = KAN and
any element of g ∈ G can be uniquely written as
g = katn for some k ∈ K, t ∈ R and n ∈ N.
Here at = exp(tH) and we define K(g) = k,H(g) = t. We also have the following Cartan decom-
position: G = KA+K where A+ = {at | t ≥ 0}.
The elementary spherical function of type χl on G with spectral parameter λ is defined by
φλ,l(g) =
∫
K
e−(λ+ρ)H(gk)χl(K(gk)
−1k) dk.
The function φλ,l satisfies the following relations:
(1) φλ,l = φµ,l if and only if λ = ±µ.
(2) φλ,l(g) = φ−λ,−l(g
−1) = φλ,−l(g
−1) = φ−λ,l(g).
The function φλ,l which is analytic on G extends to a holomorphic function on GC and by restriction
to U gives an elementary spherical function on U if and only if λ ∈ ±(2N ∪ {0}+ n+ |l|). That is,
(3.3) φ2m+|l|+n,l |U = ψ2m+|l|m ∈ N ∪ {0}.
For a χl-radial function f on U , the Fourier series is defined by
f(x) =
∞∑
m=0
dpi2m+|l| f̂(2m+ |l|)ψ2m+|l|(x),
where dpi2m+|l| is the dimension of V2m+|l| and
f̂(2m+ |l|) =
∫
U
f(x)ψ2m+|l|(x
−1) dx.
For a χl-type radial function f on G, the spherical Fourier transform of f is defined by
f̂(λ) =
∫
G
f(x)φλ,l(x
−1) dx.
From now on we will assume that |l| < n. We define
c(λ,m) = 2ρ−λ
Γ(
mβ+m2β+1
2 )Γ(λ)
Γ(λ2 +
mβ
4 +
m2β
2 )Γ(
λ
2 +
mβ
4 +
1
2 )
.
It follows that c(ρ,m) = 1. We define a new multiplicity function m+(l) on Σ by
(3.4) m+(l) = (2(n − 1)− 2|l|, 1 + 2|l|).
Then
(3.5) c(λ,m+(l)) = 2
n+|l|−λ Γ(n)Γ(λ)
Γ(λ2 +
n+|l|
2 )Γ(
λ
2 +
n−|l|
2 )
,
and ρ(m+(l)) = n+ |l|.
For a χl radial function f on G, the following inversion formula holds:
(3.6) f(x) =
1
2 · 4n|l|
∫
iR
f̂(λ)φλ,l(x)|c(λ,m+(l))|−2 dλ.
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We now have the following proposition which is an analogue of Proposition 2.8.
Proposition 3.2. Any x ∈ GC has a unique decomposition x = u exp tHk for some u ∈ SU(n +
1), k ∈ KC, and t ≥ 0 and H is as (3.1).
Proof. Let g be the Lie algebra of G and K is the maximal compact subgroup of G with Lie algebra
of K is k. Let θ(X) = −X∗ be the Cartan involution for gC. Then
gC = k1 ⊕ p1,
where
k1 = {X ∈ gC | θ(X) = X} = {X ∈ gC | X∗ = −X},
and
p1 = {X ∈ gC | θ(X) = −X} = {X ∈ gC | X∗ = X}.
LetK1 be the analytic subgroup whose Lie algebra is k1. ThereforeK1 = SU(n+1). Let σ : gC → gC
be an involution given by σ(X) = −XT . Then again
gC = h⊕ q,
where
h = {X ∈ gC | σ(X) = X} = {X ∈ gC | XT = −X},
and
q = {X ∈ gC | σ(X) = −X} = {X ∈ gC | XT = X}.
Therefore (see [5, Proposition 2.2, p. 106]), any element g ∈ GC can uniquely be written as
g = u expX expY, for some u ∈ K1,X ∈ p ∩ q, Y ∈ p ∩ h.
It is now easy to check that Y ∈ p∩ h implies that Y is purely imaginary (n+1)× (n+1) skew
symmetric matrix and hence Y ∈ kC. AlsoX ∈ p∩q implies that X is real (n+1)×(n+1) symmetric
matrix. Hence X ∈ pg and therefore by Cartan decomposition we have expX = k1 exp tHk2 for
some k1, k2 ∈ K and t ≥ 0.
Hence we have
g = uk1 exp tHk2 expY,
where uk1 ∈ U and k2 expY ∈ KC.

We now prove the required estimate of ψ2m+|l| which is an analogue of Theorem 2.9.
Theorem 3.3. For x ∈ GC, we have
|ψ2m+|l|(x)| ≤ Ce(2m+|l|)t|χl(k−1)|,
where x = u exp tHk, u ∈ U, t ≥ 0, k ∈ KC.
Proof. Let f0 be the χl spherical vector for pi2m+|l|, that is,
pi2m+|l|(k)f0 = χl(k)f0.
Then it is easy to check that
piC2m+|l|(k1)f0 = χl(k1)f0 for all k1 ∈ KC,
where piC2m+|l| is the complexification of pi2m+|l|. Let {f0, f1, · · · , fr} be an orthonormal basis of
V2m+|l| such that f0 is χl spherical vector for pi2m+|l| and ‖f0‖ = 1. We claim that
r∑
j=0
∣∣∣〈piC2m+|l|(x)f0, fj〉∣∣∣2 ≤ C|χl(k−1)|2e2t(2m+|l|),
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where x = u exp tHk, u ∈ U, t ≥ 0, k ∈ KC and as a consequence we get
|ψ2m+|l|(x)| ≤ Ce(2m+|l|)t|χl(k−1)|.
We define Pl on V2m+|l| by
Pl(f)(x) =
∫
K
χl(k)pi2m+|l|(kx)f dk.
It is an orthogonal projection and P ∗l = Pl. Now∑r
j=0
∣∣∣〈piC2m+|l|(u exp tHk)f0, fj〉∣∣∣2 = |χl(k−1)|2∑rj=0 ∣∣∣〈piC2m+|l|(u exp tH))f0, fj〉∣∣∣2
= |χl(k−1)|2
∑r
i,j=0
∣∣∣〈piC2m+|l|(u exp tH)Plfi, fj〉∣∣∣2
= |χl(k−1)|2
∥∥∥piC2m+|l| (u exp tH)Pl∥∥∥2HS .
The expression above is equal to
(3.7) |χl(k−1)|2Tr
(
P ∗l ◦ piC2m+|l| (u exp tH)∗ ◦ piC2m+|l| (u exp tH) ◦ Pl
)
.
It can be shown using (2.7) that
(3.8) piC2m+|l|(exp tH)
∗ ◦ piC2m+|l|(exp tH) = piC2m+|l|(exp 2tH).
Therefore it follows from (3.7), (3.8) that∑r
j=0
∣∣∣〈piC2m+|l|(u exp tHk)f0, fj〉∣∣∣2 = |χl(k−1)|2Tr(Pl ◦ piC2m+|l| (exp 2H)) .
Recall that, v0, · · · , vr are the weight vectors with weights λ0, · · · λr respectively and let λr =
2m+ |l| be the highest weight. It then follows that
λi(H) ≤ 2m+ |l|, 0 ≤ i ≤ r.
Hence we have,∑r
j=0
∣∣∣〈piC2m+|l|(u exp tHk)f0, fj〉∣∣∣2 = |χl(k−1)|2∑ri=0〈Pl ◦ piC2m+|l|(exp 2H)vi, vi〉
= |χl(k−1)|2
∑r
i=0〈e2tλi(H)vi, P ∗l vi〉.
Since, 〈vi, P ∗l vi〉 = ‖Plvi‖2 is non negative we have,∑r
j=0
∣∣∣〈piC2m+|l|(u exp tHk)f0, fj〉∣∣∣2 ≤ |χl(k−1)|2e2t(2m+|l|)∑ri=0〈vi, P ∗l vi〉
= |χl(k−1)|2e2t(2m+|l|)Tr(Pl).
But
Tr(Pl) =
r∑
i=0
〈Plfi, fi〉 = 〈Plf0, f0〉 = 〈f0, f0〉 = 1.
This implies that
r∑
j=0
∣∣∣〈piC2m+|l|(u exp tHk)f0, fj〉∣∣∣2 ≤ |χl(k−1)|2e2t(2m+|l|).
This completes the proof. 
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The following Proposition gives an estimate of χl-spherical function on a certain neighboorhood
of A in GC.
Proposition 3.4. (see [6, Prop. A.3, Prop. A.6]) There exists δ > 0 such that, the function
t+ is 7→ φλ1+iλ2,l(exp(t+ is)H),
is holomorphic for all t, s ∈ R with |s| < δ and satisfies the following estimates
|φλ1+iλ2,l(exp(t+ is)H)| ≤ C e|l| |t|e|λ1| |t|+|λ2| |s|,
in that domain.
It follows from (3.5) that
1
c(λ,m+(l))c(−λ,m+(l))
(3.9) = 2−2(n+|l|)(Γ(n))−2
Γ(λ+n+|l|2 ) Γ(
λ+n−|l|
2 ) Γ(
−λ+n+|l|
2 ) Γ(
−λ+n−|l|
2 )
Γ(λ)Γ(−λ) .
Using the following formulas
Γ(2z) = (pi)−
1
222z−1Γ(z)Γ(z +
1
2
), Γ(z)Γ(−z) = − pi
z sinpiz
, Γ(z +
1
2
)Γ(−z + 1
2
) =
pi
cos piz
,
and (3.9) it is easy to check the following:
(3.10)
1
c(λ,m+(l))c(−λ,m+(l)) = γn,l pn,l(λ) qn,l(λ),
where γn,l is a constant given by
γn,l =
{ −pi 2−4n−2|l|+3)(Γ(n))−2 if l is even,
pi 2−4n−2|l|+3)(Γ(n))−2 if l is odd,
and pn,l is a polynomial in λ given by
pn,l(λ) =

λ
∏n−|l|−1
2
j=1
(
λ2 − (n − |l| − 2j)2) ∏n+|l|−12j=1 (λ2 − (n + |l| − 2j)2) if n odd, l even,
λ3
∏n+|l|
2
−1
j=1
(
λ2 − (n+ |l| − 2j)2)∏n−|l|2 −1j=1 (λ2 − (n− |l| − 2j)2) if n even, l even,
λ3
∏n+|l|
2
−1
j=1
(
λ2 − (n+ |l| − 1− 2j)2)∏n−|l|2j=1 (λ2 − (n− |l| − 2j)2) if n odd, l odd,
λ
∏n+|l|−1
2
j=1
(
λ2 − (n+ |l| − 2j)2)∏n−|l|−32j=1 (λ2 − (n− |l| − 2j)2) if n even, l odd,
and qn,l is given by
qn,l(λ) =
 tan
(
piλ
2
)
if n odd, l even or if n even, l odd,
cot
(
piλ
2
)
if n even, l even or if n odd, l odd.
We also have the following relation between the dimension dpi2m+|l| of Vpi2m+|l| and the c-function
( [5, Prop. 5.2.10, p. 78])
(3.11) dpi2m+|l| = α
c(ρ(m+),m+(l))c(−ρ(m+),m+(l))
c(2m + ρ(m+),m+(l))c(−2m− ρ(m+),m+(l)) ,
where α is a fixed constant. We recall that ρ(m+) = n+ |l|.
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This follows from the relation (see [5] for unexplained notation)
c˜∗(−ρ(m+),m+(l))
c˜∗(−µ− ρ(m+),m+(l)) =
c˜(−ρ(m+),m+(l))
c˜(−µ− ρ(m+),m+(l)) , µ ∈ P
+.
Let us consider the case n odd, l even. In this case it follows from (3.10) and (3.11) that
dpi2m+|l| = α
pn,l(2m+n+|l|)
pn,l(n+|l|)
qn,l(2m+n+|l|)
qn,l(n+|l|)
= α
pn,l(2m+n+|l|)
pn,l(n+|l|)
.
We are now in a position to state our final theorem.
Theorem 3.5. Let n odd, l even and H(A, p, δ) as in Theorem 2.12. Suppose a ∈ H(A, p, δ) and
let b be the meromorphic function on C defined by
b(λ)
c(λ,m+(l))c(−λ,m+(l)) =
(−i
4
)
α
pn,l(λ)
pn,l(n+ |l|)
1
sin pi2 (λ− n− |l|)
,
where α is a constant given in (3.11). Then
(1) The χl-spherical Fourier series
f(x) =
∞∑
m=0
(−1)mdpi2m+la(2m+ |l|+ n)ψ2m+|l|(x),
converges on a compact subset of Ωp := K {exp(tH) | t ∈ R, |t| < p}K and defines a holo-
morphic function on a neighboorhood
Ω′p := U {exp(tH) | t ∈ C, |ℜt| < p}KC, of Ωp in GC.
(2) Let η ∈ R with 0 ≤ η < nδ. Then
f(at) =
∫ −η+i∞
−η−i∞
(a(λ)b(λ) + a(−λ)b(−λ))φλ,l(at)|c(λ,m+(l))|−2 dλ,
for t ∈ R with |t| < p.
The integral above converges uniformly on compact subsets of {at | t ∈ R} and extends
as a χl-radial function on a neighboorhood of G in GC.
(3) The extension of f to G satisfies:
1
4l2
∫
G
f(x)φλ,l(x
−1) dx = (a(λ)b(λ) + a(−λ)b(−λ)) , λ ∈ iR.
The following elementary estimates will be used in the proof.
Lemma 3.6. (1) | sin pi2 (s+ ir)| ≥ e
pi
2
r if r is away from zero.
(2) | sin pi2 (2k + is)| ≥ e
pi
2
s for all s.
(3) | sin pi2 (s− i2k)| ≥ ekpi for k ≥ 1.
(4) On a small neighboorhood of iR, | sin pi2 (s+ ir)| ≥ e
pi
2
|r| if r is away from zero.
Proof of Theorem 3.5: We first observe that the function
b(λ)
c(λ,m+(l))c(−λ,m+(l)) =
(−i
4
)
α
pn,l(λ)
pn,l(n+ |l|)
1
sin pi2 (λ− n− |l|)
,
has simple poles at λ = n+ l, n+ l + 2, · · · in the domain {z ∈ C | ℜz ≥ −nδ}.
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From (3.10) it follows that
b(λ) =
(−i
4
)
(−1)n−l+32
(α
pi
)
24n+2|l|−3(Γ(n))2
1
pn,l(n+ |1|)
1
sin
(
piλ
2
) .
This is an odd function and has a simple pole at λ = 0. Therefore the function
λ 7→ a(λ)b(λ) + a(−λ)b(−λ),
is holomorphic in a small neighborhood of iR. Using the same argument as in the proof of the
Theorem 2.12 it follows that
λ 7→ a(λ)b(λ) + a(−λ)b(−λ) ∈ S(iR).
Therefore (3) will follow from (2) by the inversion formula (3.6). Rest of the proof is similar to the
proof of Theorem 2.12 using Cauchy’s formula and Lemma 3.6.

Remark 3.7. We define b(λ) in the other cases by:
(3.12)
b(λ)
c(λ,m+(l))c(−λ,m+(l)) =

(
−i
4
)
(−α) pn,l(λ)
pn,l(n+|l|)
1
sin pi
2
(λ−n−|l|) if n even, l even,(
−i
4
)
α
pn,l(λ)
pn,l(n+|l|)
1
sin pi
2
(λ−n−|l|) if n odd, l even,(
−i
4
)
(−α) pn,l(λ)
pn,l(n+|l|)
1
sin pi
2
(λ−n−|l|) if n odd, l odd.
With this b(λ), analogue of Theorem 3.5 holds true for the cases above and the proof will be exactly
same. It is also easy to see that the constant A < pi2 is optimum.
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